56 Engineering Mathematics — |

CHAPTER - 11

VECTORS

Introduction :

At present vector methods are used 1n almost all branches of science such as Mechanics, Mathematics,
Engineering, physics and so on. Both the theory and complicated problems in these subjects can be discussed in
a simple manner with the help of vectors. It is a very useful tool 1n the hands of scientists.

Physical quantities are divided into two category scalar quantities and vector quantities. Those quantities
which have any magnitude and which and not related to any fixed direction scalars. Example of scalars are
mass volume density, work, temperature etc. Second kind of quantities are those which have both magnitude
and direction. Such quantities are vectors. Displacement, velocity, acceleration, momentum weight, force etc.
are examples of vector quantities.

Representation of vectors :

Vectors are represented by directed line segments such that the length of the line segment 1s the magnitude
of the vector and the direction of arrow marked at one end indicates the direction of vector. A vector denoted by

ﬁ , 1s determined by two points P, Q such that the direction of the vector 1s the length of the straight line PQ

and 1ts direction 1s that from P to Q. The point P 1s called 1nitial point of vector [T(i and Q 1s called terminal

points.

P Q

Note : The length (magnitude or modulus) of ﬁ or ; generally denoted my |E | or | a| thus |a| =length

(magnitude or modulus ? or vector @)

Types of vectors :

(1) Zero vector or null vector : A vector whose 1nitial so terminal points are coincident 1s called zero or
the null vector. The modulus of a null vector 1s zero.

(ii) Unit vector : A vector whose modulus in unity, is called a unit vector. The unit vector in the direction

=

of a vector ai1s denoted by 3. Thus |3]| =1

(iii) Like and unlike vector : Vectors are said to be like when they have same sense of direction and unlike
when they have opposite directions.

(iv) Collinear or Parallel vector : Vectors having the same or parallel supports are called collinear vectors.
(v) Co-initial vectors: Vectors having the same initial point are called co-initial vector.

(vi) Co-planner vector : A system of vector and said to be co-planner in their supports are parallel to the
same plane.

—
(vii) Negative of a vector : The vector which has the same Magnitude as the vector a but opposite direction,

_}

1s called the negative of ; and 1s denoted by — ;. There 1f E :; then & =—a .
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Operations on Vectors

Addition of Vectors :
Tringle Law of Addition of Two Vectors :
The law states that if two vectors are represented by the two sides of a triangle, taken in order, then their sum

(or resultant) 1s represented by the third side of the triangle but 1n the reverse order.
—_

s S ; - ;
Let a , b be the given vectors. Let the vector a be represented by the directed segment OA and the vector

2 : — ; : =3, L
b be the directed segment AR so that the terminal point A of a is the initial

—
g
>

Fig. 1
; b : g = £ =3 =14 ;
point of b . Then the directed segment OB (1.e. QB ) represents the sum (or resultant ) or a and b and 1s

written as a + I_::(fig. 2)
Thus, OB = {]‘a;+ AB = a+ I_:;

>
A
0 2
Fig.2

ﬁ
Note : 1. The method of drawing a triangle in order to define the vector sum (:_; + b ) is called triangle law

of addition of the vectors.
2. Since any side of a triangle 1s less than the sum of the other two sides.
—_

—_ —
. Modulus of QB is not equal to the sum of the modulus of OA and AB.

Parallelogram Law of Vectors
— —

If two vectors @ and b are represented by two adjacent sides of a parallelogram in magnitude and direction,

- -
then their sum a + b is represented in magnitude and direction by the diagonal of the parallelogram through their

common initial point.

s — — —_
Let a and b are two non-collinear vectors, represented by OA and OB .
Then =
S .y — 3 —F —3
H+b OA + OB= OA + AC=0C (fig.3) B > C
B. >

»
BT —Ei" Fig. - 3
1.e. Their sum El + b 1s respesented by the diagonal DC of the parallelogram.
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Polygon Law of addition of Vectors

- - — s :
To add n vectors a,> @, ea WE choose O as an origin (fig.4) and draw.
n

A, >

— - i

— —
= QA +A A+ . +A,_ A

3 — — —_ —_ _
~ (DA 1+ A A))+AA +...+A,_A =~ OA,+A A+ . +A_A
— — _ —
- DA+ AA,+. . HA A, T 0A
= — L
Hence the sum of vectors a;, a, ...... 4, 1s represented by A - This method of vector addition 1s called

“polygon law of addition of vectors.
Corollary : From the polygon law of addition of vectors, we have

_— —s —

3 3 —
OA +AA,+AA +...+A, A =0A =-A 0

—_—s  —

DA +AA, +A A+ +A A +A 0= A O (Null vector)
. The sum of vectors determined by the sides of any polygon taken in order is zero.
Properties of Vectors Addition
(1) Vector Addition is Commulative :
- -

If a and b be any two vectors, then
- = -3 =3
a+b=D>b+a i 5 — &
Proof : Let the vectors a and b be represented by the directed segments QA and AB respectively so that

(fig.4)

—3 _— =

a—DA, b=AB
—

= ) o -
Now DE OA +AB = 0OB=3 + b
Complete the || gm OABC

—y —

Then OC= AB=b and CB = DA—a

— —_—s —2 —3

. 0B =0C+CB = h + a
Frnm (1) and (2) , we have

- = = =

a+b=Db+a
3 Vector Addition is Associative.

milic = — — - -
If a, b, c are any three vectors,then @ + (b + c)=(2a+b)+ ¢
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g L — — —
Proof : Let the vectors @ b, ¢ .be represented by the directed segments OA AB, BC respectively; so
that (fig.5)
= 3 5 - —
a = GA b= AB ¢ = BC
—3 —5 ——F _— —
Then 2 + (b + c]: OA +(AB +BC)
=0A { AC [A Law of addition]
—_
=M. [A Law of addition]
=k e — —
A+(b+ ¢c)=0C......»1)
T N

Again, {ﬂ +b)+c_{DA+ﬁB]+ BC

— OB +BC [A Law of addition]
—
=0C [A Law of addition]
- = - —

So(a+ b )+ C :DC........(Z]
From (1) and (2), we get

~¥ — —3 =+ =3 —>
a+(b+c)=(a+b)+ c .

%
Remarks : The sum of three vectors 4 , b,
; A
writtenas 4 +b + C .

(3) Existence of Additive lﬂﬂﬂtll}'

s L [ 1 —
For any vector @ , a +0O= 2 , where O is a null (zero) vector.

%
¢ is independent of the order in which they are added and is

) - —

Proof : Let the vector @ be represented by the directed segment QA ; so that a = OA

— —
Also let the Zero Vector O be represented by the directed segment AA ;

—_—

So that D AA
Then 3 +D DA +AA

—
OA [By Triangle law of addition]
_:g.

= a
=

Thus, a +Q = a

Note : In view of the above property, the null vector is called the additive identity.
Property 4 : Existence of Additive Inverse

—- —
For any vector g , there exists another vector — a such that

- — -
a 4 (= d ): 0O

., = .y -—

Proof : Let QA = 2 | there exists another AQ=- 4

— —

d — —
a+(-a)=0A +A0 = 00= O[ByA Law]
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=3 2
Note : In view of the above property, the vector (— @ ) 1s called the additive inverse of the vector 3 .
Substraction of Vectors :

s — ) . o o — =5, ¥ .
If a and b are two given vectors, then the substraction of b from a (denoted by a— b ) is defined as

—

addition of — b to E .

. L, = - —
1e.a-b =a+(-b)
. It 1s clear that

Multiplication of a Vector by a Scalar

If 4 is any given vector and m 1s any given scalar, then the product m a or g m of the vector g and the

scalar m 1s a vector whose

e

(1) Magnitude = |m| times that of the vector a.
In other words. m g =|m| x| 4|
—mx| g|lifm=>0
=—m X | c_flifm-r::'l.’]
(1) Support 1s same or parallel to that of the support of a

and (iii) Sense is same to that of @ if m > 0 and opposite to that of @ if m < 0.

Geometrical Representation :
—_

Let the vector a be represented by the directed segment AB
Case I.Let m > (. Choose a point C and AB on the same side of A as B such that

i —)
| AC|=m|AB|, (fig.6)

a__} ﬁﬂ
A > ﬁ * C
(m > 0)
Fig. - 6

— — 5
Then the vector ma is represented by AC.

Case II : Let m<(. Choose a point C on AB on the side of A opposite so that of B such that, (fig.7)
ma Ff
_+_..-. e
C A B
Fig. -7

—_— —
|AC|=m,|AB|

——n

mdal

Linearly Dependent and Independent Vectors
—

Two non-zero vectors a and b are said to be linearly dependent if there exists a scalar t (#0), such that a

—
Then the vector 1s represented by AC.

ﬁ
This can be the case if and only if the vectors @ and b are parallel.
%

If the vectors g and b are not linear dependent they are said to be linearly independent and in this case
ﬁ

a and b are not parallel vectors.

— 3 —

-
Thus, if 4= AB, b= BC, then gand b are linearly dependent if and only 1f A, B, C lie in a straight line;

othewise they are linearly independent.
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Properties of Multiplication of a Vector by a Scalar

(I) Associative Law
—

-, =3
If g 1s any vector and m, n are any scalars, thenm( na )=mn (g)
—

.
Proof : If any one or more of m, n or a are zero, then m( na ) = mn ( a ). Eachside = 0]

s
While if m#0,n#0, a# 0, then the following four cases arise :
(1) m>0,n<0 (11) m<Q0.,n>0
(m) m>0,n>0 (1v) m<0,n<0
Case(I) : Whenm>0,n<0

3 —_

Let a be represented by the directed line segment AB .(fig .8)

_}
4
*— *>— - >
D' p C A B
Fig. 8
—_ R
Since n <0, take a point C on AB on the side of A opposite to that of B such that AC represents ,,

. — —
1e.] AC|=In||ABI
— —_
Since m > (), take point D on AB on the same side of A as C such AD represents m ( na )
. ey g el
1.e. | AD |=m | AC|=m|n| AB|.....-[1]
Again, since m > (), n <0, so that mn < 0; take a point D’ on AB on the side of A opposite to that of B such that
—3
AD’ represents [mn| a .
1.e.]AD’ |= |mn[| AB|=|m|n]] AB|=m o] | AB| [".|m|=m as m > 0]
— —
S JADI=min| | ABI......(2)
From (1) and (2), we get
. —
|AD’ |=1AD|
5 .
which shows that D and D’ coincide, proving that m ( na ) = (mn) g

Proceeding on the same lines, the other three cases can be similarly proved.

(2) Distributive Law : If m, n are any scalars and a is any vector, then

* a3
(m+n) g = Ma + Na
_}

Proof : If 3 = () or m. n are both zero. then

(m+n) 2 = Ma+ na [ Bach side= 0]
But if Eia , the following three cases arise :
(1) m+n>0 (2) m + n=0and
(3) m+n<(

Case-I.Herem+n=>0
The following sub-cases arise :
(1) m>0,n>0 (1) m>0,n<0

and (1) m<0,n>0

- —
Let a be represented by the directed segment AB.
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—_ ™
Since m + n > (), take a point C on AB on the same side of A as B such that AC represents (m + n) «.

(fig. 9)

—
a
& o - >
A D D’ C C' B
Fig. -9

— —

1e. | AC|=(m+n)| AB |.......... (1)
. —_

Sub-case, (1) SinE} m > (), take a point D on the same side of A as B such that AB represent ma

—
Le. |ADl=m| AB | .......... (2)

—_— — -

Again since n > (), take a point D’ on the same side of A as B such that AD’ represents na .

—_ —
ie. |AD’|=n]| AB |.......... (3)

—_
Thus, ma + na is represented by AC’ (where (¢’ is on the same side of A as B) such that

—_ N —_

|AC’|= |AD |+ | AD’ |
— —

=m| AB | +n| AB | [From (2) and (3)]
— —_

= |AC |=(m+n)| AB [ ......... (4)

—_

—
-- From (1) and (4), |AC"| =] AC|, which shows that C and C’ coincide, proving that

£

=
(m+n) g = Ma + na

The other sub-cases of case (1) may be similarly proved.
Proceeding in the same way, we can prove the result for case 2 and case 3 also.

case 2 and 3 also. at
. . & rhd
3. If g4 and b are any two vectors and m is a scalar, then
- o s e
— ma :
m(a+b) + mb .(fig.10) O S A A
B Fig. - 10

Position Vector of a Point

Let O be any point called the origin of reference or simple the origin. Let P be any other point.
—

Then OP is called the position vector of the point P relative to the P
point O.

Hence, with the choice of O as the origin of reference, a vector can
be associated to every point P and conversely.(fig .11)

Representation of a vector in terms of the position vectors of its end points :
— =3

Let A and B be two given points and a , b the position vectors of A, B

respectively relative to a point O as the origin of reference; so that (fig. 12)

—s = —s =
OA=a and OB=Db
.. From AOAB

OA+ AB = OB BY A law of addition]
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—s 5 — —

.
— AB=0OB- OA=b- a

Note : E = Position vector B — Position vector A.
SECTION FORMULA :

g
Statement . If a and E are the position vectors of two points A and B, then the point C which divides

AB in the ratio m : n, where m and n are positive real numbers, has the position vector.
— -

na+mb

_-’.
c=

m-+n
— —

Proof : Let O be the origin of reference and let a and b be the position vectors of the given points A and B

so that (fig.13)

—_—s 5 — = B
OA=a,0B=bDb
Let C divide AB in the ratiom : n
AC m ‘
- OB~ g ...(1)
m & & & - & & & & m
Hence 5 is positive or negative according as C divides AB internally or externally. Fig. - 13

—
We have to express the position vector QC of the point C in terms of those of A and B.
We re-write (1) as, nAC = mCB.

—_s — —s  —

And obtain the vector equality n AC = m CB . Expressing the vectors AC and CB in terms of the position

vectors of the end points, we obtain

8(OC- OA)=m (OB-0C)

—y —— s
— (m+n) OC=nQA +mOB

_ e — —
— nOA+mOB na+mb
= OC= =
m+n m+n

Mid-point formula : If C is the mid-point of AB._}then m:n= 14 1

5 g — l-a+1-b
.. The position vector of ¢ 1s given by OC = >

- =

.

1.e. OC=
2

_}

Hence the position vector of the mid point of the join of two points with position vectors, a and bis
- =

gk Grl{ E+DB})
5 ) 0OA

Example - 1 : Prove that
. . — —3 — - = — —
) la+bl<lalpl G lal-Ib|<|a-b] (iii) |a-b|<|al|+|b]|

Solution : (1) When A, B, C are not -collinear, draw a AABC such that, (fig.14)

—3 —) — —) ";:q
a=AB and b =BC /_:'-f

- -3 — .
Then a+p= AC [By Addition Law]
" AC < AB + BC (As sum of two sides is greater than the third side) A > B

Scanned with CamScanner



64 Engineering Mathematics — |

~ |ACI<IABI+IBC]
la+bl<laHbl......(1)
| -- AB=a, BC=b and AC=a+b|]
When A, B and C are collinear, then, (fig.15)

a=AB, b= BC
§+b: AC

A B C

.« AC=AB + BC
- |AC|=|AB|+|BC]|

s = _ s
—=|a+b|=|laHb]|
Combining (1) and (2), we get

|§+bj£|§|+|b]

Gi) [al=|a-b+b=((a=b)bm.. 1)
But|(2-b)+ bl<|2-b bl 2)

From (1) and (2), we get

lal<la-bl+|b]

ja|-Ibl<|a-b) )
(iii) |a-bl=la+(-b)I<|a|+-b]
Bllt]—bl:ibl

—y = . —
~|la-b|<|a| +|b]|.
Example - 2: Prove by vector method that the lines segment joining the middle points of any two sides of a
triangle is parallel to the third side and equal to half of it.

Solution : Let ABC be a tnangle in which D and E are the mid-points of AB and AC respectively.
(fig.16)

Hence DE || BC and DE = E BC.
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Components of a Vector in Two Dimensions AY
Let XOY be the co-ordinate plane let P(x, y) N P (x.v)
be a point in this plane. Join P. Draw 24
PM 1L OX, and PN 1 OY.(fig.17) AN
Let ; and jjbe unit vectors along OX and OY. 5 — > 'Y
— i — ~
Then oM =xj and ON =Y j. Fig. - 17

{]_}M and {j_fq are called the vector components of Ep along x-axis and y - axis respectively.

Thus the component of [Tp along x- axis 1s a vector x, whose magnitude is | x | and whose direction 1s along
OX and OX’ according as x is positive or negative.

And, the component of OP along y - axis is a vector v, whose magnitude is | y | and whose direction is along
OY or OY’ according as y is positive or negative.

- — o — — n -

OoPp=0M + MP=0OM+ ON =X; + ¥

Thus the position vector of the point P(x, y) is x| + y}
OP? = OM? + MP2 = x? + y?2

— 0P = ,IH:.;E +*_l|,.f2
s lopl= Yx2+y’ y

Components of a vector along the co-ordinate axes. B
Let A(x,,y,) and B (x,, y,) be any two points in XOY plane. Q™ (%, ¥,)
Draw AD 1 OX, (fig.18) -
BE L OX AF L BE, AP L OY and BQ L OY 3 A
Clearly AF = (x, - x,) (x.¥,)
and PQ=FB=(y,-y,) X

) X 0 D E
Let 1 and ) be unit vectors along x-axis and y-axis respectively. :
— ) Fig. -18
Then AF = (x,-x,) i
and PQ = FB = (y,-y,) ]
—_— — _— ~ ~
Clearly AB = AF + FB =(x,-x) i +(y,-¥)] NZ p (X v.2)
Then component of fB along x - axis = (X, - X,) i
And component of AB along y - axis =(y,-y,) ]
S . _ - - Z Z

Also| ABI=AB = \[AF? LFB? = (X, —x,)> +(y,~,)’ s

Components of Vector in three dimensions : > Y

Let OX, OY and OZ be three mutually perpendicular lines, , X

taken as co-ordinate axis. Then the planes XOY, YOZ and ZOX l/ %

are respectively known as XY plane, YZ plane and ZX plane. x _
(fig.19) Fig. -19

Let P be any point in space. Then the distances of P from YZ- plane. ZX — plane and XY - plane are respectively
called x-cordinate, y-cordinate and z-cordinate of P and we write P as P(x, v, z)
Position Vector of Point in space :

Let P(x, y, z) be a point in space with reference to three co-ordinate axes. OX, OY and OZ. Though P draw
planes parallel to yz-plane zx-plane and xy-plane meeting the axes OX, OY and OZ at A, B and C respectively.

The OA=x,O0B=yand OC =z
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Lets, ] ,k be unit vector along OX, OY and OZ respectively. (fig. 20)

—) - —) . —3 ~
Then QA =xi, OB =y j. OC =zk Z

— —3 —_— % 5 P M
Now OP = QP + QP =(0A + AQ)+ QP =
ey . — — — —
(OA + OB+ OC) |~ AQ=0Band QP=0C ] /

M - -
:xi+yj+zﬁ i = - = >Y
Thus, the position vector of a point "
. . A Q

P (x,y, z) is the vector (x1 +y] + 2z}
iRl : PELRE X Fig.-20

Now OP? = 0Q* + QP? = (OA?* + AQ?) + QP
=(0OA*+0B*+0CY) =x"+y* + Z°

DF = \/:{2+y2+22

T, ¥ ¥ ¥
|OP|=0P= /x*>+y® +2°
— - g &

If a =a|i +al.1 +a k,
_}
la|= Jaf+a§+a§

Components of Vector : If 5 15 the position vector of a point P(x, y, z) in space, then
—_

DP ::{'i‘ +}'._] +E£

5. IR L5 — . . : :
The vectors X j .y j, zk are called the components of Qp along x - axis y - axis and z-axis respectively.

ASSIGNMENTS

1. Show that the there points A(2,-1, 3), B (4, 3, 1) and C (3, 1, 2) are co-llinear.
2.  Prove by vector method that the medians of a triangle are concurrent.

3. Find a unit vector in the direction of (a +b) where a = i +i—ﬁ & b= ;—J +3k .
Scalar or Dot Product
Definition :
- g — —

The scalar product of two vectors a and b with magnitude a and b respectively, denoted by a - b . is defined

= —3
as the scalar ab cos 0 , where 0 is the angle between of 3 and phsuchthat 0 <0 <.
— —3
Thus a. b=abcos®. B

Geometrical Meaning of Scalar Product

As we see in above figure that (fig.21)

—_—

— —
|OM| = |OB| cos 0 =| b | cos B = projectionof bon a

_}
—=} —_ h

. ab=la|(lb|cosB)

=3 —3 —3
= modulus of a x projection of b on a which gives, 0

— —3 o A

4 BB O a M

projection of hbon a = |;| Fig. - 21
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Similarly , if we drop a perpendicular from A on OB such that N is the foot of the perpendicular,

then (fig.22) B
-
ON = projection of a on E and ON = OA cos O
- - s =3 N
=| alcosO=Now a . b =|bl(la]cos0)
. =3 H - — —* > =
= magnitude of h x projection of 3 on p which gives that F}
- =
oy d- b .
projection of a on _|3:: = . Fig. - 22
b o 2 A

Thus we can conclude that

(1) The dot product of two vectors 1s equal to the magnitude of one vector multiplied by the projection of
the other on it.

(11) The (scalar) projection of one vector on another.
Dot product of vectors

= Magnitude of the vector on which the projection is taken.

3. Commutative and distributive Properties of Scalar Product :

1. Scalar product of two vectors obeys commutative law 1.e.,
-2 23 93 -
a-b=>b-a

2 Scalar product obeys distributive law 1.e.
e — = = —»

a-(b+c)=ab+ac

Other properties of scalar product : Apart from commutative and distributive properties.
Scalar product has some ther properties as follow :

— = =3

1. a.a=|a|2 :‘-‘*;;Z3EZE*E=I

- =

Z. a b—ﬂz,‘h 1s 1 to b

iy

Hence i-]:j-ﬁ:k-i:ﬂ and j~i=];+j=i-k=0

| Scalar product in terms of components :
3 ] - e = ] g il
If a=a, i+a,)J+a,k and b=b, j+b, J+b k
- -3

then a. b= ab +ab,+ab.

- —
4. Angle between two non-zero vectors a and b is given by cos 0 = El_b =a-b
d
a,b, +a,b, +a;b;
In terms of components cos 0 = \/312 +a§+a§ \/b]z +b§ +b§
— - —
— — ﬂ'ba A — - a-b .
5.  Projectionof aon b is ~ > a.,b andprojectionof b ona is - = A b
|b| lal ™
— —s - = — — — — =
6. !a+b; -|a|+|b!+23‘b or(a+b)=3% +p*> +2a.b
— — - = — — — =
7. la bi _ial +ib|— a.b or (a-b)2=3% + p2-2a.b
-5 = 5 = - = —3 —!;
8. (a+b). (a b]—lal—lhl or (a+b).(a-b)=3%-b"
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—3 —* = =3
Components of a Vector r along and perpendicular to a given Vector a in the Planeof a and r.

— —
- 5 a-r |

The resolved part of T in the directionof @ = | —= — 4

d-d

—= =
r-a >
: : : —la
The resolved part of r 1s perpendicularto ais | = —
a-a

Example —1: Find the scalar and vector projections of i _} _kon;j +_} + 3k

— —

Solution : Given a:i—j—l-ﬁi and b=3;—}—3fi

— =3
=
Scalar projection of a on h:ﬂ
—
b
_(i—j—k)(3i+j+3k) geled o
VR +12+ 3 V19 V19
= L _ (&b b
Vector Projectionof 3 on p — o ’“;}'

_[ " }{ 31+ j+3k ]
V19 ) (32 412+ 3
-1 [3i+]j+3k Az, ] +311
= B _] —— —
Jigl 19 19 19 19

ASSIGNMENTS

-+ = -

1. ;E: are there rutually perpendicular vectors of the same magnitude prove that (a+ b+ ¢) 1s equally

— — —

inclined in the vectors a. b & c .

=i  J &

2. Find the scalar and vector projection of a on E where a =1 —j—ﬁ and b= f+]+ 3k

-~

3. Find the angle between the vector :_; =—i+ j— 2k & ; =i+ 23 -k

Vector Product or Cross Product

— — - — -3
The vector product of two vectors 5 and E denoted by 3 x E 15 defined as the vector 5 X E = |:q II]_;]

. - A . . : — . — —
sin@ . 0 where 0 is the unit vector perpendicular to both 5 and 1_; and 0 is the angle from 5 and E such that 5

and b and 0 are the right handed system.
Angle between two vectors :

Let O be the angle between :; and T; . The :; X E = (ab sinO) n,
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wherel?l}l:aand ?; =b

~ |2 xb|=(absind) || = ab sind

[-- 1n]=1]

; —3 —
absnB=]|4 X p|

ax b
—F =P ax
Sinﬂzia}{hl e~
ab |all bl
= =
|ax bl
O=sin' | 5 =
|all b|

Unit vector perpendicular to two vectors :

— . . —
Clearly( 4 x 1_; ) 1s a vector, perpendicular to each one of the vector
- =
— — ., . » d X h
to each one of the vector 5 and p 1sgivenby n = - -
|ax bl
Properties of vector product :
(1) Vector product 1s not commutative
I — = =3
1.€. g X bhF b X a
5 — . - —
(n1) For any vecrors 3 and 1_; Le.(g X E]: —{Ex q )
(1) For any scalar m prove that (m;) X E = m(? by E = ? X (ml_; )
. — — — — — - =
(1v) For any vectors j T; ¢ present x(l_;+{; )=(a :.'-:T;J+(3 X c )
- = =3 = — = - = - =
(v) Forany three vectors 3 ,b,c aX(b-c)=(aXb)-(axc)
(vi) The vector product of two parallel or collinear vectors 1s zero.
i - , =¥ =) -
(vi1) Forany vector 3 18 3 X3 = (

i) If 3 x

—_

b

—> — — -

— -3
=Q.,thenm 3 =g orp =0

or 5 and 1_; are the parallel or collinear.

69

— = -, -
a and p ,soaunitvector n perpendicular

(ix) If the vectors ? and T; are parallel (or collinear) then 8 = 0 or 180°, sinG =0
Vector product of orthonomal Triad of unit vectors : 7
- - a“r -
Vector products of unit vectors §, j, k from k
a right-handed system of mutually perpendicular vectors. (fig.23) | 3
1% ] =kSa Iy A
ix k=% =-— kx ] i ;: EX -
{ : g 0 ] ‘ 1
kx{=j=-3xk X Fig.-23

Geometrical Interpretation of Vector Product or Cross Product

Let [j_i}d;:; and O_B}=]_:;

=2 =

Then a xb=(a||b|sin®) f

i

=lal(lblsnB) a=|a||BM|

- =

Now |axb|=]a||BM|
_}
= Area of the parallelogram with sides @ and b . (fig 24)

2 =

i

_}

ﬁ
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o BN —3 —3
Therefore, a x b is a vector whose magnitude is equal to area of the parallelogram with sides @ and b .

From this it can be concluded that Area of AABC = %|AB x AC],
Example — 1: Find the area of parallelogram whose adjacent sides are determined by the vectors.
a = E+Zj+3ﬁ and f =3j —Zj + k
k
Solution : We have :x T; — 13 22 ? =(83 - lﬂ}+4f:)

: - =
" Required area=|3 x p |

= JBE +(~10)2 +42 = 180 =645 sq. units
Example — 2: Find the area of a parallelogram whose diagonals are determined by the vectors.
a=3i+j-2kandp =5 -3j +4k

- -~

i ] k
" — —3 3 .I. _2 - J: -
Solution : Wehave 3 x p = =(-25-14j-10k)
1 -3 4
: 1 - -
. Required area = 5laxbl

1 1 :
=5 \/(_2)3 +(-14)2 +(-10)2 = 2 300 = Sﬁsq. units.

ASSIGNMENTS

-~

1. Find the area of the triangle whose adjacant sides are a =1+ 2] +3k &b=-3i— 2} +k

2. Find a unit vector perpendicular to both the vector ; =2i +] ~k & E —3i_ j+ 3k

3. Find the angle between the vectors a = 2 ~ j+ 3k & b=1i +3}+ 2k

O & 0O
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ENGINEERING MATHEMATICS-II

FUNCTION,LIMIT,CONTINUITY,DIFFERENTIATION AND ITS
APPLICATIONS

Dr A K Das, Sr. Lecturer in Mathematics

U C P Engineering School Berhampur
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1.LIMIT OF A FUNCTION
Lets discuss what a function is

A function is basically a rule which associates an element with another
element.

There are different rules that govern different phenomena or happenings in
our day to day life.

For example,

. Water flows from a higher altitude to a lower altitude

. Heat flows from higher temperature to a lower temperature.

li. External force results in change state of a body(Newton’s 1°° Rule of
motion) etc.

All these rules associates an event or element to another event or element,
say, x withy.

Mathematically we write,

y = f(x)

l.e. given the value of x we can determine the value of y by applying the rule
‘¥

for example,
y=x+1

I.e we calculate the value of y by adding 1 to value of x. This is the rule or
function we are discussing.

Since we say a function associates two elements, x and y we can think of
two sets A and B such that x is taken from set A and y is taken from set B.
Symbolically we write

x & A(xbelongstoA)
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y € B(xbelongs to B)

y=f(x) can also be written as

(x,y) € f

Since (x,y) represents a pair of elements we can think of these in relations

f < AXB or

f can thought of as a sub set of the product of sets A and B we have earlier
referred to.

And, therefore, the elements of f are pair of elements like (x,y).

In the discussion of a function we must consider all the elements of set A
and see that no x is associated with two different values of y in the set B

What is domain of function

Since function associates elements x of A to elements y of B and function
must take care of all the elements of set A we call the set A as domain of
the function. We must take note of the fact that if the function can not be

defined for some elements of set A, the domain of the function will be a
subset of A.

Example 1
Let A={1,23,4,-1,0,—4}
B={0,1,2,3,4,—-1, -2, -3}

The function is given by
y=f(x)=x+1
for x=1, y=2

X=2, y=3

X=3,y=4

Xx=4,y=5
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x=-1,y=0
x=0,y=1
X=-4,y=-3

clearly y=5 and y=-3 do not belong to set B. therefore we say the domain of
this function is

the set {0,1,2,3, —1, } which is a sub set of set A.
What is range of a function

Range of the function is the set of all y’'s whose values are calculated by
taking all the values of x in the domain of the function. Since the domain of
the function is either is equal to A or sub set of set A, range of the function
Is either equal to set b or sub set of set B.

In the earlier example,

Range of function is the set {1,2,3,4,0} which is a sub set of set B
SOME FUNDAMENTAL FUNCTIONS

Constant Function

Y = f(x)=K, for all x

The rule here is: the value of y is always k, irrespective of the value of x

This is a very simple rule in the sense that evaluation of the value of y is not
required as it is already given as k

Domain of f is set of all real numbers

Range of ‘f’ is the singleton set containing ‘k’ alone.

Or

Dom=R, set of all real numbers
Range= {k}

Graph of Constant Function
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lety =f(x) =k=2.5

§ 8

y axis
4

h_l

o

The graph is a line parallel to axis of x

Identity Function

Y = f(x)=x, for all x

The rule here is: the value of y is always equals to x

This is also a very simple rule in the sense that the value of y is identical

with the value of x saving our time to calculate the value of y.

Dom =R

Range =R

I.e. Domain of the function is same as Range of the function

Graph of Identity Function

A
Axis Title
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Modulus Function

== W= {552

The rule here is: the value of y is always equals to the numerical value of x,
not taking in to consideration the sign of x.

Example
Y =f(2)=2
Y=f(0)=0
Y=f(-3)=3

This function is usually useful in dealing with values which are always
positive for example, length, area etc.

Dom =R
Range =R" U {0}

Graph of Modulus Function

y Axis

X Axis

Signum Function

|x| ) 1,x>0
y:f(x):{?;x?‘:[]h:[ﬂsz[]]

0,x=[].a “—1,1"‘-':0

This is also a very simple rule in the sense that the value of yis 1 if x is
positive , 0 when x=0, and -1 when x is negative.
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Dom =R

Range ={—1,0,1}

Graph of Sighum Function

[REY

n & Un = U

(18]

(o)

s
Ul

Greatest Integer Function
y = f(x) = [x] = greatest integer < x
For Example [0] =0,[0.2] =0,[2.5] =2,[-3.8] = —4,etc.
Dom =R
Range=Z(set of all Integers)

Graph of The function

ah

(=}

Exponential Function
y = f(x) =a*wherea >0

Dom =R
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Range=R"

The specialty of the function is that whatever the value of x, y can never be

0 or negative

Graph of Exponential Function

M
D

y axis

Logarithmic Function

y =f(x) =logg x
Dom =R’
Range =

Graph of Logarthmic Function

y =log x

y Axis
=

X Axis
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LIMIT OF A FUNCTION

Consider the function

y=2x+1

lets see what happens to value of y as the value of x changes.

10

Lets take the values of x close to the value of, say, 2. Now when we say

value of x close 2. It can be a value like 2.1 or 1.9. in one case it is close to 2

but greater than 2 and in other it is close to 2 but less than 2.Now consider

a sequence of such numbers slightly greater than 2 and slightly less than 2

and accordingly calculate the value of y in each case.

Look at the table

X y=2x+1
1.9 4.8
1.91 4.82
1.92 4.84
1.93 4.86
1.94 4.88
1.95 4.9
1.96 4.92
1.97 4.94
1.98 4.96
1.99 4.98
2.01 5.02
2.02 5.04
2.03 5.06
2.04 5.08
2.05 5.1
2.06 5:12
2.07 5.14
2.08 5.16
2.08 5.18
2.1 5.2
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We see in the tabulated value that

as x is approaching the value of 2 from either side, the value of y is
approaching the value of 5

in other words we say,
y > 5(ytendsto 5)as x > 2(xtendsto 2) or
lim y=5
xX—2 Y
INFINITE LIMIT

As x—> a for some finite value of g, if the value of y is greater than any positive
number however large then we say

Y = oo (y tends to infinity)

In other words y is said have an infinite limit as x - a. And we write

imy = oo
xX—a

Example

I1f

|

y - x_g.-

Then
gy =

Since x>0, x2 — 0 and x? is positive,

1

= becomes very very large and is positive. Therefore the result.

Similarly,

As x—> a for some finite value of g, if the value of y is less than any negative
number however large then we say

Y —- < (y tends to minus infinity)
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In other words y is said have an infinite limit as x - a. And we write

imy = —oo0
X—=a

Example

If

1

y - _;;

Then
g = -

Since x>0, x2 — 0 and x? is positive,

1

= becomes very very large and is negative. Therefore the result.

LIMIT AT INFINITY

As x becomes very very large or in other words the value of x is greater than a
very large positive number , i.e. X - oo, if value of y is close to a finite value’ @’,
then we say has a finite limit ‘a’ at infinity and write

limy=a
xX—0o0

Example
1
let y = s

As x—oo ,% becomes very very small and approaches the value 0.Therefore

we write

limy=20
X—0Co
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similarly

As x becomes very very large with a negative sign or in other words the value
of x is less than a very large negative number , i.e. x =- ==, if value of y is close
to a finite value’ a’, then we say has a finite limit ‘@’ at infinity and write

lim v=a
x—r—m}r

Example
1
let y = -

As x—oo ,% becomes very very small and approaches the value 0.Therefore

we write

lilemy =0

ALGEBRA OF LIMITS

1. Limit of sum of two functions is sum of their individual limits
Let lim,_,, f(x) = mand let lim,_,, g(x) = n, then
lim(f(x) + g(x)) =m+n
2.Limit of product of two functions is product of the their individual limits
Let lim,_,, f(x) = mand let lim,_, g(x) = n, then
lim(f(x) X g(x)) =mXxn

3. Limit of quotient of two functions is quotient of the their individual
limits
Let lim,_,, f(x) = mand let lim,_, g(x) =n # 0, then

fx) _—m

:{I—I}.}:g(x) " n
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SOME STANDARD LIMITS
1.lim,_, P(x) = P(a) where P(x) is polynomial in x
Example

lim(2x?2+3x+1)=2x124+3x1+1=6

x-1

: xMt—a™
2.1im,._,, ., —na

n=1 \where n is a rational number

Example

 x‘—a
lim = 2a%*"1 = 2a
x—=a X —0a

n
3.m; 0 (1 + %) —& .
. K\
lim: .. (1 + H) = a¥,
X
4.lim, ,,(1+n)n=e

k
lim,,_,(1 +n)n = ek

5.lim,_,, (axx_l) =Ina
Example

lim, (22_1) =1n2

6. lim,_,, m‘g“ilﬂ) = log, e
Example

lim, g~ — Jne = 1

X
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SOME STANDARD TRIGONOMETRIC LIMITS
llimx_,n sinx =0
2.lim,_ycosx =1

3.lim,_,tanx =0

4. lim,_,, Sizx =1, here x — 0throughradian values
. sin x? s
=1 llml_,ﬂ = m
Example
. sin mx m
lim — = —
x—0 Sln nx n
Since
. Sin mx sinmx nx m
lim — = lim X — X
x-0 Sin NX  x—=0 mx sinnx n
m m
=1X1X—=—
n n
3.5
' 2x2 +3x+5 ' ek Fom 2
im = lim = —
x—»03x2+2x+1 x-0 2 1 3
3+ E+ =
Example
1424 3........4n
lim 5
Y —00 n
) 1
nn+1) =~ @*4+n) A+ 1
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Example
X X v X
(1 —-cosx) 2sin? 3 sinx 1 sin _ siny
lim = lim = = —| lim X | lim
x—0 }{2 x—0 }{2 Xz 2\ x-0 E x—0 E
27 2 2
1 {51 1
= — ¥ p 4 = —
2 2

Existence of Limits
When we say x tends to ‘@’ or write x—>a it can happen in two different ways

X can approach ‘a’ through values greater than ‘a’ i.e from right side of ‘a’ on
the Number Line

Or

X can approach ‘a’ through values smaller than ‘a’ i.e from left side of ‘a’ on the
Number Line

The first case is called the Right Hand Limit and the later case is called the Left
Hand Limit.

We, therefore conclude that Limit will exist iff the right Hand Limit and the Left
Hand Limit both exist and are EQUAL

Consider the Greatest Integer Function

y = f(x) = |x]
Consider the limit of this functionasx —» 1

The right hand limit of this function

BN =1

Since if the value of x is greater than 1 for example 1+h,h> 0, then the greatest
integer less than equal to 1+his 1

The left hand limit of this function

lim [x] =0

x—1-
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Since if the value of x is less than 1 for example 1-h,h> 0, then the greatest
integer less than equal to 1-his O
In this case the right hand limit and the left hand limit are not equal

And therefore the limit of this function as x — 1does not exist

15

1

0.5

For that matter this function does not allow limitas x —- n
Since the right hand limit will be always n and the left hand limit will be n-1.
Consider the Signum Function
|x| 20 1% >0
J’:f(x):{x’x ]={U,I= ]
0,x=0 —1,x <4
Consider the limit of this functionas x — 0

The right hand limit of this function is 1 and the left hand limit of this function
is -1 as evident from the definition of the function and concept of right and left
hand limits

Therefore this function does not have alimitas x — 0

-1.a 1.5
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Continuity of function

A function is continuous at a point ‘¢’ iff its functional value i.e the value of
the function at the point ‘c’ is same as limiting value of the function i.e value
of the limit evaluated at the point ‘¢’

OR
lim f(x) = f(c)
This means that a function is continuous at a point ‘c’ iff
All the three conditions mentioned below haolds good
1.limit of the function as x — c exists
2.the function has a value at x=c. i.e f(c) does exist
3.the limit of the function is equal to value of the function at the point x=c
Most of the functions we encounter are continuous functions
For example
The physical growth of a child is a continuous function
The distance travelled is a continuous function of time

Continuous functions are easy to handle in the sense that we can predict the
value at an latter stage. For example if the education of a child is continuous
we can predict what he or she might be reading after say 5 years.

Examples

The constant function is continuous at any point ‘c’ and hence is continuous
everywhere.

lim f(x) = LiEgK = K ,where f(x) = K is the constant function

X—=C

Consider the Function
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This function is not continuous at x=4.Since the function is not defined at x=4
Consider another Function

f(x) = [x] or the greatest Integer Function
Consider the point x=2

This function does not have limit x - 2 as the Right Hand limit will be 2 and the
Left Hand Limit will be 1.Hence this function is also not continuous at x = 2

Example
x% —16 "
o= y=3 7
8,x =4
I ™ 4 4
Il_t}lf(x)—xlﬂ e — —xl_lg(x+ ) =8=f(4)
l.e

lim £ (x) = f(4)
x—4
This function is therefore continuous at x=4

Limiting value is same as functional value
Consider another Function

flx) = :(1 +3) x0

K . —
. eL,x=0

k

o

_ Lk

k\" k\k
limf(x)=}cii1%(1+—) = lim (1+—) e

1—0 4 x—0 X

lim f(x) = e* = £(0)
l.e

limit of the function is same as value of the function at the point
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therefore, the function is continuous at x=0

example

consider the function

o
y = f(x) = {¥Sn = x #0
0, x=0

Consider the point x=0
: _xsin—= 0= f(0)
fin G = g™

Therefore the function is continuous at x=0

As,

1
0< xsin—l < |x|
X

Taking limit as x—= 0, we can conclude that

; |
lim,_, xsin— = 0

20
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Differentiation

A function f(x) is said to be differentiable at a point x=c iff

. fc+h)—f(c) .
111 exISts
h—=0 h

In general, a function is differentiable iff

i fGe+h) - fx)
im

h—0 h

exists

Once this limit exists, it is called the differential coefficient of f(x) or the
derivative of the function f(x) at x=c

Or
h —
}li_l}gf(ﬁ P)I f(c)zf,(c)
imfEHD=F@)

h—0 h

Where f'(c) and f'(x) are the differential coefficient or the derivative of the
function, the first being defined at x=c

Examples
Consider the function
y = f(x) = k or the constant function

In this case the differential coefficient f'(x)is given by

f(x+6x) — f(x)
0x
k—-k

- 61;:1—]}1::] Ox =0

f') = fim,

Therefore the constant function is differentiable everywhere and the
derivative is zero
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Consider the function

y = f(x) = x?
rran sy of CEEROX] = (%)
f(x)_gil—];ln 0x
(x + 6x)% — x?

Sl T 01 —2

= 2X
Consider the function
y = f(x) =sinx
o) = Jim [EHID =@

dx—=0 0x

sin(x +0x) —sinx

= lim
dx—0 ox
zms(x+5x+ﬁt') xsm(x+5x—.’r)
= lim 2 2
dx—0 Ox
. Eﬂg(x—|—52x—|-x) xsin(x+52x—x)
dx—0 .QE
2
_ ms(x+52x+x) X Sin Sz_x)
0x
2

| 5x
— l1mcﬂs(x +—) o §
dx—=0 2

= CO0SX

Therefore

y =F(x)= sinx
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Algebra of derivatives

— = CcOSX
dx

Consider two differentiable functions u(x) and v(x)

Let

Then

Let

Let

Example

1

y=u+v
dy du dv
dx _ dx | dx

Y=gl XP

dy var du
dx ~ “dx " Udx

4 =0
=_; 1
Y v
du _dv
dy Uy Y“dx
dx 2

y = sinx + x3

dy

— = coSx + 2x
dx

y = x%cosx

23
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dy _ ., ..
i (—sinx) + cosx(2x)

= —x2sinx + 2xcosx

Sinx
Y= cosx

dy _cosxcosx — sinx(—sinx)
dx (cosx)?

dy (cosx)* + (sinx)?
dx (cosx)?

dy (cosx)? + (sinx)’
dx (cosx)?

d_y B 1
dx (cosx)?

= (secx)?

Geometrical meaning of f'(c)

Consider the graph of a function

y = f(x)

f(c+h)-f(c)

N
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flc+h)—f(c)
h

Represents the ratio of height to base of the angle the line joining the point
P(c,f(c )) and Q (c+h,f(c+h))

l.e

flc+h)—=f(c) _
; =

tan@

Where 6 is the angle the line joining the point P and Q makes with the positive
direction of x axis.

In the limiting case as h— 0 i.e as Q— P the line PQ becomes the tangent line
and the the angle 8 becomes the angle a which the tangent line makes with

the positive direction of x axis

l.e

o feth) = f@©)
1m

h—0 h

= f'(c) = tana = m (the slope of the tangent)

Application to Geometry

To find the equation of the tangent line to the curve y=f(x) at x=xo

The equation of line passing through the point (x,, f(x)) is give by
y = f(xo) = m(x — xo)
Where ‘m'’ is the slope of the tangent line.
As, we have seen
m = f'(x,)
The equation is therefore
y = f(x0) = f'(x0)(x — xp)
In the above example if we take

f(x) = x% and the point x, = 1
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The equation to the tangent at the point is given by

y = f(xo) = f'(x0)(x — %)

Or
y—12=2x1(x—-1)
where
i) =x2 =12 and (%) =2 X %y =2 %1
l.e

the equation is
y—1=2(x—-1)
Derivative as rate measurer

Remember the definition

' fle:h)=f(c)
1m

h—0 h

= f'(¢c)
The quantity

fle+ k) ~f(c)
h

r !

measures the rate of change in f(c)wth respect to change hin ‘c

Consider the linear motion of a particle given as

s = f(t)
Where ‘s’ denotes the distance traversed and ‘t’ denotes the time taken

The ratio

S

t
Denotes the average velocity of the particle

To calculate the local velocity or instantaneous velocity at a point of time
t=t,we proceed in the following way
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Consider an infinitesimal distance ’ §s’ traversed from time t=t,, in time’ &t’

The ratio

ds
ot
Still represents a average value of the velocity

The instantaneous velocity at t=t, can be calculated by considering the
following limit

s 8s
520 Ot

or

ds

U=E

Where V' represents the instantaneous velocity which is defined as rate of
change of displacement

Similarly, we can write the mathematical expression for acceleration

As

Or the rate of change of velocity

Example

If the motion of a particle is given by
s=f(t)=2t+5
Which is linear in nature, we can calculate velocity at t=3

d
v(t=3)=d—i=2

It is clear that the velocity is independent of time ‘t’.
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e
the above motion has constant or uniform velocity.

And, therefore, the acceleration

dv

a

Or the motion does not produce any acceleration.
Consider another motion of a particle given as
s=f(t) =2t%+3

Here the velocity at t=3 can be calculated as

ds
v(t=3)=—F=4t=4x3=12

And the acceleration

=—=4
dt

a

Therefore we can say that the motion is said to have constant or uniform
acceleration

Derivatives of implicit function

Consider the equation of a circle

This is an implicit function

Lets differentiate this equation with respect x throughout, we get

Do e
X yd_x_
dy —x
dx y
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Derivative of parametric function

The equation of a circle can also be written as
X = rcost
V= rsint
This is called parametric function having parameter ‘t’

In this case

dy
dy gr _ reost X

—Xx
dx  dx  —-rsint -y y

dt
Derivative of function with respect to another function

Consider the functions

y=fx)
z=g(x)
dy _f'(x)
dx g'(x)
Example
Let
y = sin(x)
z=x"

dy f'(x) cosx
dx g'(x) 3x2

Derivative of composite function
Consider the function

y = f(u) whereu = g(x)

Theny is called a composite function

29
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In this case

dy_dyxdu
dx du dx

This is called Chain Rule. This can be extended to any number of functions.

Example
1.Let

y = sinx?®
This can be written as

y = sinu
And

u=x*
Applying chain rule, we have
3—'3: = ji: X j: =icosux2x = 2xcosx”

2.Let
y— tane™
This can be written as
y = tanu
And
u=-e"
= X

Applying chain rule, we have
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dy dy du dv 5 2 2
e ) 4 ¥ — = ¥ 8" ¥ 2X = 2g* X e* X 7
e T R =S X e X = sec“e € X

Derivatives of inverse function

_ ox 1
since — =-—

dx B 1
As 6x = 0,6y also = 0
Which follows from the fact that

y = f(x) being a dif ferentiable function is a continuous function

And the condition of continuity guarantees the above fact.

Derivative of inverse trigonometric function

Let
y = sin"x
Where ye (— % g)
This can be written as
X = siny
dx
@ = COSY
Or
dy 1 1 1 1

dx  cosy FV(-sin?y) FA-—22) V(- x2)

Since cosy is positive in the domain
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Let
Y= cos %
Where ye(0,m)
This can be written as
X = COSYy
dx ,
5 = —siny
Or
dy -1 -1 -1 -1

dx ~ siny B FV( — cos?y) B V(A - x2) B V(1 - x2)

Since siny is positive in the domain

Let
y = sec 1z
Where ye ({], g) U G ﬂ')
This can be written as
X = secy

dx

E = secy X tany
Or

dy 1 1 | 1

dx secy X tany xV(sec?y — 1) B x(?J(xz - 1)) B x|V (1 = x2)
Since secy X tany is positive in the domain
Let

y = cosec” 'x
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Where ye (— % 0) U (0, E)

2

This can be written as

X = cosecy

s — X cot
& = —cosecy X coty
Or

dy ~d ~1 -1

33

o |

dx  cosecy x coty xV(cosec?y — 1) B x(F/(x2 - 1)) B x|V(1 - x2)

Since cosecy X coty is positive in the domain

Let
y=tan™x
This can be written as
X = tany
dx 2
@ = sec‘y
Or
dy 1 1 1
d_xzseczyz 1+tanzy= 1+ x?
Let
Vis got ™ X
This can be written as
X = coty
dx ,
= —cosec-y

dy
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Or

dy -1 -1 -1
dx cosec’y 1+ cot?y 1+ x2

Higher order derivatives

Let
y = f(x)
|s differentiable and also
dy ,
—=f'(0)
|s differentiable. Then we define
d (dy\ d*y y
dx (dx) Tdx? T f7 )
s ff(x+6x) — f'(x)
= lim
dx—=0 Ox

This is the 2". Order derivative of the function

Similarly we can define higher order derivatives of the function

Example

Let

y=f(x)=x>+x*+x+1

d

= () =3+ 2 +1
Y
d_JiTz:f (I)=6I+2
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Consider the Function
y = f(x) = Acosx + Bsinx
Here

ay ! Asi B
i f'(x) = —Asinx + Bcosx

d?_
d_xj“-: = f"(x) = —Acosx — Bsinx = —y

i.e in this case

d?y
— —
dx? Y
Monotonic Function
Increasing function
Consider a function
y = f(x)

If x, > x; implies f(x,) > f(x1)

Then the function is increasing

Example
y=fx)=x+1
f(2)=2+1=3
f)=1+1=2

Or

f(2)>f(1)
Therefore the function is increasing

Graph of the function

35
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Decreasing function

Consider a function

y = f(x)
If x, > x; implies f(x,) < f(x)

Then the function is decreasing

Consider the function

1

}"—'f(x):E
1
f@)=>

1
Or

f(2) <f()

Therefore the function is decreasing

Graph of the function
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A function either increasing or decreasing is called monotonic.
Derivative of Increasing Function

If f(x) is increasing, then

Pty = [%Eﬂf(x + 5;; —f&) _

|.e

for increasing function the derivative is always positive

Derivative of Decreasing Function

If f(x) is decreasing, then

f.f(x) - '};Tnf(x & 5;; -"f(x) <0

l.e

for decreasing function the derivative is always negative

example

let

y=fx)=x+1
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dy
— = f' =1>
&) 0

Therefore the function is increasing

| et
1
}’—f(x)—;
dy ... -1
a—f(x)—x—z‘iﬂ

Therefore the function is decreasing

Let
y=f(x) =x7
dy_ , B
a—f(x)—Zx

>0forx>0
<0forx<O0

Therefore the function is increasing for x > 0 and decreasing forx < 0

Graph of the function

y = f(x) = x?

un

38
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MAXIMA AND MINIMA OF A FUNCTION
Consider a function
y=f(x)

Consider the point x=c
If at this point

f(c) > f(c+ h),where |h| < §
Then f(c ) is called local maximum or simply a maximum of the function
If at this point

f(c) < f(c+ h),where |h| < §
Then f( c) is called a local minimum or simply a minimum

A function can have several local maximum values and several local minimum
values in its domain and it is possible that a local minimum can be larger than a

local maximum.

If f(c)isalocal maximum then the graph of the function in the domain
(c—6,c+6)

Will be concave downwards

If f(c)isalocal minimum then the graph of the function in the domain
(c—6,c+6)

Will be concave upwards
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minimum
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maiximum
maiximum
maiximum
minimum
minimum
maximum
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Maximum Case

40
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In other words at a point of local maximum the function is increasing on the
left of the point and decreasing on the right of the point

Therefore the derivative of the function changes sign from positive to negative
as it passes through x=c

f(c)= 0 f'(c) is not defined

P> //7R f'(x)<0 f'(x)>0 f'(x)<0
f’/ /N /

WV
W

c-h C c+h E-h c c+h

Therefore we conclude that the derivative of the function is a decreasing
function and as such its derivative i.e the second order derivative is negative

Minimum Case

At a point of local minimum the function is decreasing on the left of the point
and increasing on the right of the point

Therefore the derivative of the function changes sign from negative to positive
as it passes through x=c

M /M

f'(x)<0 f'(x)>0 f'(x)<0 f'(x)>0

f'(c)40

f'(c)is nuIdeﬁned
> ' ' !

W

c-h C c+h Sk c c+h
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Therefore we conclude that the derivative of the function is a increasing
function and as such its derivative i.e the second order derivative is positive

In either maximum or minimum case the 1. derivative of the function is zero
or is not defined at the point of maximum or minimum

The point x=c where the derivative vanishes or does not exist at all is called a
critical point or turning point or stationary point.

A function can have neither a maximum nor a minimum value
Example

Consider the function

y=f(x) =x’

Here

dy 2

d_x = 3x
This vanishes at x=0
And

d?y

E = OX

Which also vanishes

Therefore we may conclude that the function does not have maximum neither
minimum value
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Point of inflexion

\ Fi .. point of inflection
P

W

If a curve is changing its nature from concave downwards to concave upwards
as shown in the figure or vice versa, then at the point where this change occurs
is called the point of inflexion. In other words on one side of the point of
inflexion the curve is concave downward and on the other side the curve is
concave upward or vice versa

In the above figure,

On the left side of point of inflexion a maximum value occurs and to the right
side of point of inflexion a minimum value occurs.

In other words, remembering the condition of maximum and minimum, we can

say,

The 2" order derivative cha nges its sign from negative to positive as in the
case given in the figure or vice versa.

In other words the point of inflexion is the point of either maximum or
minimum of the 1°* derivative of the function

Hence at the point of inflexion the 2" order derivative vanishes or is not
defined and the 2™. order derivative changes its sign as it passes through the
point of inflexion
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i.e at the point of inflexion

d*y " ’ .
1. — = f"(x) = 0 or is not defined

dx?

2. The 2" order derivative changes sign as it passes through the point

Example

Consider the function we discussed earleier

y=f(x)=x°
Here
dy 2
—=3X
dx
This vanishes at x=0
And
d?y
— = bx
dx?
Which also vanishes at x=0
But
3
y
—=6%* 0
dx3

I

b O @ D

o
|

.l!'.'- P

& d

ek

Therefore we conclude that

X=0 is a point of inflexion for the curve
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Working procedure to find the maxima and minima

1.Given any function, equate the first derivative to zero to find the turning
points or critical points

2.Test the sign of the second derivative at these points. If the sign is negative it
is appoint of maximum value. If the sign is positive it is a point of minimum
value.

3. then calculate the maximum value/minimum value of the function by taking
the value of x as the point

Example

If the sum of two numbers is 10, find the numbers when their product is
maximum

Solution
Let the numbers be x and 10-x

Let

y = f(x) = x(10 - x)

= 10x — x?
dy
—~ =10-2x =
= K=
X=5

d?y

——=-2<

dx? ‘

Therefore the function which is the product of the numbers maximum if the
numbers are equal i.e 5 and 5.

EXAMPLE

Investigate the extreme values of the function
flx) =x*—2x%+3

The critical points are roots of the equation
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f'(x) =4x> —4x =0
Or
fix)=4x(x* -=1) =10
Or
r=0x=1x==1
Lets check the sign of the 2" Derivative at these points
Now,
f(x) = 4(3x* - 1)
ff0)=4(-1)=-4<0
Therefore x=0 is a point of maximum value.
The maximum value of the function is given as
f(X)max = f(0) =3
Now
f7(1)=43-1)=8>0
Therefore x =1 is a point of minimum value.

The minimum value of the function is given as

fmin =f(1)=1-2+3 =2

Now
f'"(-1)=43B-1)=8>0
Therefore x =-1 is a point of minimum value.

The minimum value of the function is given as

f(x)min=f(_1)=1_2+3=2

46
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INTEGRATION AS INVERSE PROCESS OF DIFFERENTIATION

Integration is the process of inverse differentiation .The branch of calculus which
studies about Integration and its applications is called Integral Calculus.

Let F(x) and f(x) be two real valued functions of x such that,

= F(x) = f(x)

Then, F(x) is said to be an anti-derivative (or integral) of f(x).
Symbolically we write [ f(x) dx = F(x).

The symbol [ denotes the operation of integration and called the integral sign.
'dx' denotes the fact that the Integration is to be performed with respect to x .The function
f (x) is called the Integrand.

INDEFINITE INTEGRAL

Let F(x)be an anti-derivative of f(x).
Then, for any constant “C’,

—{F(x) + C} = --F(x) = f(x)

So,F(x) + C is also an anti-derivative of f(x), where C is any arbitrary constant. Then,

F(x) + C denotes the family of all anti-derivatives of f(x), where C is an indefinite constant.
Therefore, F(x) + C is called the Indefinite Integral of f(x).

Symbolically we write

Jf(x)dx = F(x) + C,

Where the constant C is called the constant of integration. The function f(x) is called the
Integrand.

Example :-Evaluate [ cosx dx.
Solution:-We know that

d .
—SINX = COS X
dx

So, Jcosx dx =sinx+ C

ALGEBRA OF INTEGRALS

LI[f(x) +g(x)]dx = [ f(x)dx + [ g(x)dx

2. [kf(x)dx =k /[ f(x)dx, for any constant k.

3. Jlaf(x)+bgx)]dx=a/f(x)dx+ b [ g(x)dx,
for any constant a & b
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INTEGRATION OF STANDARD FUNCTIONS
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Example:- Evaluate [

ﬂ‘l‘l

jx"dx— -+C ,(n#-1)
j%dx =In|x| +C

| cosx dx = sinx + C

[sinxdx = —cosx+ C

[ sec’xdx =tanx + C

[ cosec?x dx = —cotx + C

[ secxtanxdx = secx + C

| cosecx cotx dx = —cosecx + C
[e*dx=e*+C

jaxdx—lm+6 (a > 0)

[ tanx dx = In|secx| + C = —In|cosx| + C
| cotx dx = In|sinx| + C = —In|cosecx| + C
| secxdx = In|secx + tanx| + C

f cosecx dx = In|cosecx — cotx| + C
dx =sin " 'x+C

1
IW
[——dx =tan x4+ C

1+::r:1E

| ——=—=dx =sec”'x+C
I].ft'—l

[ m=dx=In|x +Vx2+ 1]+ C

| ,_dx—ln|x+xfx2—1|+{?

vx2

alsin®x+bZcos?

Zdx

Solution:-

sin2x

2

acsin®x+bZcosix

dx

sin¢2x

2 2

sin?x+b%cosix e

8

4sin?x.cos?x

a? 1
! Icﬂszx dx + Ism 2x

a? b?
=—J sec’x dx + — [ cosec®x dx

:i [a?tanx — b% cotx] + C

INTEGRATION BY SUBSTITUTION

49

When the integrand is not in a standard form, it can sometimes be transformed to
integrable form by a suitable substitution.

The integral [ f{g(x)}g (x)dx can be converted to
[ f(t)dt by substituting g(x)by t.
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So that, if [ f(t)dt = F(t) + C.then

[ flg(x)}g (x)dx=F{g(x)} + C.

This is a direct consequence of CHAIN RULE.
For,

L [F{g()} + € = L[F()) + €1 % = £(6). % = F{g(0))g )
There 1s no fixed formula for substitution.

Example:- Evaluate [ cos(2 — 7x) dx
Solution:- Putt = 2 — 7x
So that :—:__ =-7=dt=-7dx
fcos(2—7x)dx = _?lf cost dt
= _?lsin t+C

= =sin(2 - 7x) + C

INTEGRATION BY DECOMPOSITION OF INTEGRAND

If the integrand is of the formsinmx - cosnx, cos mx - cosnx or sinmx - sin nx,
then we can decompose it as follows;

L sinmx - cos m*:_,E 2 sinmx  cosnx = - [Sin(m + n)x + sin(m — n)x]
2. COS MX * COS nx:% [cos(m — n)x + cos(m + n)x]
3. sin mx - sin HI:% [cos(m — n)x — cos(m + n)x]

Similarly, in many cases the integrand can be decomposed into simpler form, which can be
easily integrated.
Example:-Integrate [ sin 5x - cos 2x dx

Solution:- [ sin 5x - cos 2x dx
=~ [[sin(5 + 2)x +sin(5 — 2)x] dx
= %f(sin 7x + sin 3x) dx

= l[—icns?x —lc053x] +C
2 7 3

1 1
——cos7x —=-cos3x+C
14 6

sin6x + sindx d

Example:-Integrate [ =

cosbx + cosdx

. sin6éx + sin -1-.1' 2s5in 5x cos ;1:
Solution:- [ = dx
COS 6X + COS 4.1: 2C0S5XCOSX
sin 5x
= | dx
oS 5x
dt ; ;
Put t = cos 5x, so thata = —5sin5x = dt = —5sin5x.dx
sin 6x + sin4x 1 ,dt 1
| dx = —=[E=—1mjt| + ¢
COS 6x + cos4x 5 t 5
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= —élnlcns 5x|+ C
= %lnlsec 5x| 4+ C

INTEGRATION BY PARTS

This rule is used to integrate the product of two functions.
If u and v are two differentiable functions of x, then according to this rule have;

[uv dx =ufvdx—j'[%fvdx]dx
In words, Integral of the product of two functions

= first function x (Integral of second function)
— Integral of (derivative of first X Integral of second)

The rule has been applied with a proper choice of “First’ and ‘Second’ functions .Usually
from among exponential function(E),trigonometric function(T),algebraic
function(A),Logarithmic function(Ll) and inverse trigonometric function(I),the choice of
‘First’ and ‘Second’ function is made in the order of ILATE.

Example:-Evaluate [ x sin x dx

Solution:- [ x sin x dx
= x [ sinx dx —f[j—i.fsinx dx] dx
= —xcosx + [ cosx dx
= sinx —xcosx + C

Example:-Evaluate [ e* cos 2x dx

Solution:- [ e* cos 2x dx = e* cos2x — [ e*(—2sin2x) dx
= e* cos2x + 2 [ e* sin2x dx
= e*cos2x + 2 [e*sin2x — 2 [ e* cos 2x dx]
= e*cos2x +2e*sin2x — 4 [ e* cos2xdx + K
So0,5 [ e* cos 2x = e*[cos 2x + 2sin2x] + K

s [ e*cos2xdx = % [cos2x + 2sin2x] + C (where = K/Z )

INTEGRATION BY TRIGONOMETRIC SUBSTITUTION

The irrational forms Va2 — x2 , Vx2 + a2 , Vx2 — a? can be simplified to radical
free functions as integrand by putting x = asinf,x = atan8 , x = a sec 8 respectively.
The substitution x = a tan @ can be used in case of presence of x* + a® in the integrand,
particularly when it is present in the denominator.

ESTABLISHMENT OF STANDARD FORMULAE

_1.'.-'1'.'

dx .
J gy =stn™ o+ C
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2 jﬂz’;fz_ﬂtfn -+ C
X i _1£
3. Js f‘“z_‘ISEE ~+C
X
4 jm=1n|x+\/ﬂ+a3|+f
5 [==In|x+VxZ—a?|+C
Solutions:
L Letx = asinf, so that dx = acosf df and @ =sin‘1§
. dx acosf@dé _ racosd _ . — cim—1%
J- aZ—x2 Iw’az—azsinzﬂ - 'r acnsﬂde - fdﬂ =0+ C=sin a +C
2. Let x = atan @, so that dx = a sec?0 df and 8 = t{m‘1§
dx asecZd d@ asecld do asec?6 1 1
N IIEHIE o J.az tan20+ a2 J.uzl[tanElEH 1) JHEEEEEE ao :EI o = Eg +C
= g YRl
(# (|
3. Letx = asecH, sothat dx = asecOtanf df and 6 = Ser:_li
dx asecbtant d@ asectant 1
a fxv'xz—ﬂz - Iﬂlsecﬂfﬂzseczlﬂ—az - Jﬂsecﬂﬂtanﬂ ao _E‘rdg
= —0+C =-sec’!=4C
aa 1 i1
4. Let x = atan@, so that dx = a sec?0 d#.
] dx asec’0 d@ _ -asec’d ,, .
& _[m = jhzm“zﬂmz = | e df=[ secO df = In|secd + tanf| + K
2
=In|Vtan?6 + 1 + tan 8| + K=In ‘%‘l‘ 1 +l—f + K
2 2
:ln X+ ::I-I_ﬂ —+—K
=In|x + Vx? + a?| + K — In|q]
=In|x + Vx2 + a2| + C (Where C=K — In|al )
. Letx = asec, sothat dx = asecOtanf d@
dx asecbtant df asecfitant
- j x2—a? _I\r"ﬂzseczﬂ—az _J atand a6 _ISECB dé
=In|secf + tanf| + K :En|sec9 + Vsec?8 — 1| + K
2
=In|~+ I—E—l + K
a (i}
2_ 2
=In Hj; —|+K

=In|x + Vx2 — a?| + K — In|a|

:ln|x +Vx?2 — {13| +C (Where C=K — In|a| )
SOME SPECIAL FORMULAE
1. j\/az—xzdx=;—f\/a2—x3+ﬂ?sin_1§+c
2
2. I\/xz+a3dx=;—f\/x2+a3+ﬂ?ln|x+\fx3+a2|+C
X a?
g, JVx? —a?dx =>Vx? —a? ——In|x + Vx? —a?| + C

52
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Solutions:
1. [Vaz —x%dx = [1 Va? — x2dx
= xVa? — x? —fx( == )d:r

Evﬂz—xz
_ T ol
= xVa x+fmd

i el
:x\faz—J:EJrjﬂg ) dx

:x\!’az—x2+azfm—fx/a3—x3dx
2 [Va? —x%dx =xva?—x2+a? |

dx
\JEE_IE
s 1 X
—xva? — x2 + a?sin 1E+K

2
[vVaz — x2dx = %\faz — x2 +ﬂ?sin_1§+ ¢ (Where C = %}

2. [Vx2 +a?dx=[1 Vx? +a?dx
_ S B
= xVx2+a fx( Izm)d:r
_ T e
= xVx? +a IW X
=xVx? +a? - j{x ,T_}; dx
vxie+da

_ 2 2 2 2 2
=xVx2+ a2 - [Vx2 +a’dx+a JW
2 [Vx% +a2dx = xxfx3+a2+a2fm
So, 2 [Vx? + a?dx = xVx? + a? + a’In|x + Vx? + a?| + K
¥
[Vx2 + a%dx = ;—f\fxz + a? +ﬂ?ln|x +Vx2+a?|+C

(wmmc=§)

3. [Vx% —a?dx = [1 -Vx? —a?dx
2
= xVa?—a” — [ x (55 dx
2
= XX —az—f\;;Td
B > (x%2-a®)+a?
=xVx? — a? — [ ===—dx

_ 2 _ A2 2 _ 2 2
=xVx2 —a? — [Vx? —a?dx +a jw
ZIJIE_ﬂzdI— IJIE_HE_HEIW
So, 2 [Vx2 —a2dx = xVx2 —a? —a?In|x + Vx2 — aZ| + K
[Vx2 — a?dx = ;—f\fxz — a? —ﬂ;lnh: +Vx2 —a?|+ C

(Where € = =)

METHOD OF INTEGRATION BY PARTIAL FRACTIONS

P , : ;
If the integrand is a proper fraction EI; then 1t can be decomposed nto simpler

partial fractions and each partial fraction can be integrated separately by the methods outlined
earher.
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SOME SPECIAL FORMULAE
dx x—da
1. Ixz—az = Eln s + C

2, [Z_=2n

aZ—x2 2da

Solutions:

F We have, R

x2-a?2 (x-a)(x+a)

13 a? _Ea-r(x

[lnlx —a|l—In|x+al]l+C

I+II)

20 \Xx

F Ea
x
J.xz—az _151 x+a1+ ¢
2, We have, ST P T—
_ 1 ( 1 +
2a \a+x a-x
dx 1 1 1
J az-x2 Ea-r (ﬂ+x g7 E) ax

:i[ln|a+x| —Injla—x|] + C

J'iii!r.' =1h'l

aZ—x?2 2a

241
(x—1)2(x+3)

Example:- Evaluate |

xZ41 A

a+x

a—Xx

+C

Solution:- Let R o1

Multiplying both sides of (1) by (x — 1)?(x + 3),

= x*+1=Ax-1D(x+3)+B(x+3)+C(x—1)°

Putting x = 1 in (2),we get,B = %

Putting x = —3 in (2),we get, 10 = 16C = C =
Equating the co-efficients of x? on both sides of (2), we get

1=A+C=A=1-2==

8

Substituting the values of A,.B &C in (1) ,we get
5

8 x+3

x*+1 dp ik b, O
(x-1)2(x+3) 8 x-1 2 (x-1)2
J' x“+1
I[x 1]3[1'+3]I
_ 3 rax ‘j 5 r.9x
- {x 1}2 x+3
1
= Elnlx — 1| +Eln|x + 3| 5

+ L

eo |

1

54
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Example:- Evaluate [

(x—1)(x2+4)

. x Y. Bx+C
Solution:- Let ===+ 5, (1)

Multiplying both sides of (1) by (x — 1) (x? + 4),we get
el T B O 2 D R g [T ) | I— (2)

Putting x = 1in (2), we get,A = %

Putting:r=0in(2),weget,{}=4ﬂ—ﬂ=>C=4A=}C=:_

Equating the co-efficients of x? on both sides of (2), we get
1

0=A4B=8B= _E

Substituting the values of A, B and C in (1) we get

X 1 1(x—4)
(x—l](x2+4) S(x—l} 5(x2+4)

J' X — —J.——— x—4 dx
[Jr: 1}{IE+4} x2+4
——f—— 1 xdx —I
- x;+d4 1‘2+4
Xax

_Efx—l 1ufx2+4 _Jx 244

_1 I 2 2 -1 (%
—Elnlx 1] 1ﬂ11"1|l’ +4|+5tan (2)+C

2

Example:- Evaluate [

(x24+1)(x2+4)

2

—— £ x - y
Solution:- Let x y Then GEADGEH) ) +4)

y 4 , 8
Let (y+1)(y+4) - y+1 ¥ v+4 {1)

Multiplying both sides of (1) by (y + 1)(y + 4),we get
y=Ay+4)+ By + 1) (2)
Putting y = —1 and y = —4 successively in (2),we get,A = —i andB = %

Substituting the values of A and B in (1),we get

O _ 1 4
(Q+1)(0+4)  3(0+1)  3(0+4)
Replacing [ by (14, we obtain
0’ _ I 4
(07+1)(07+4) — _3(u’+;) TG
X
J{xz+1}[:-:3+4] X=73 fx2+1 _Jx3+4

= £ -1 (X
— Etan x+3tan (2)+C
DEFINITE INTEGRAL

If f(x)is a continuous function defined in the interval [a,b] andF(x) is an anti-
ol 2 f (x) ,then the define integral of f(x) over [a,b] is denoted by

derivative of f(x) i. e.,

Jff(x )dx and is equal to F(b) — F(a)
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i.e., [, f(x)dx = F(b) — F(a)

The constants a and b are called the limits of integration. ‘a’ is called the lower limit and ‘b’
the upper limit of integration.The interval [a.,b] is called the interval of integration.

Y
A
=(x)
o[ 4 d b X
Geometrigally, the definite integral f; f(x)dx is the AREA of the region bounded by the

curve ¥ ¥ f(x) and the lines x = a, x = b and x-axis.

EVALUATION OF DEFINITE INTEGRALS

To evaluate the definite integral _f; f(x )dx of a continuous function f (x) defined on [a, b],
we use the following steps.

Step-1:-Find the indefinite integral [ f(x )dx
Let [ f(x )dx = F(x)

Step-2:-Then, we have
7 f(x)dx = F(x)14= F(b) — F(a)

PROPERTIES OF DEFINITE INTEGRALS

L [ fe)dx=—[; f(x)dx

2. [Mf(x)dx=[ f(y)dy= [ f(z)dz

i.e., definite integral is independent of the symbol of variable of integration.

3. [7fG)dx = [ f(x)dx= [ f(x)dx,a<c<b

4, [ f(x)dx = [, f(a—x)dx,a >0

a _[2fy rGdax,  iff(-x)=f(x)
3. f_ﬂf(x Jdx= [ 0, if f(—x)=—f(x)

2a B E_f'ff{x]dx, iff(2a—x)=f(x)
6. J-l] f(I )d:{— [ 0, iff(2Za—x)=-f(x)

Example:- Evaluate fﬂl xtan™'x dx
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2

2
. o x i 1, x
Solution:-We have, [ xtan™1x dx = —tan™'x — =
¥ 27 x2+41
2 2
x » 1 (x2+1)-1
= —tan 1x——j{ 1 ix
2 2 x?+1
1 1 o dx
= —tan"'x —= | dx + =
EI z-rx2+1

x2 _ ¥ 1 _
== tan " x—-Z4+=tan " 1x
2 2 | 2

_(x%+1)

G X
tan " 1x =i

1 o x2+1 _ x
[ xtan™'x d:r.:=’ tan 1::.:——]
0 2 21p
IE 1 m
=tan 11 --=-—
2 4

sInx

T
Example:- Evaluate | ’ /2 dx

sinx4+cosx

o .
Solution:-Let I=_ fa_six g,

sinx+cos x

:f; fz sin(z—x) dx

s I T
5111(——.1‘) o EDS(——I)
2 2

T
COS X
:I ‘KE - dl‘
0 cosx+sinx

2]:I+I:I:“{E sinx dx + J:’{E cosx . _ J-;}'E (sinx+ cos x) i

sinx+4cosx cos x+sinx (sinx+cosx)

(™2 oAz _T
_-‘-{} 2 dI—I]D : _E

. I:

T
4
J-“,}’E sinx

iT
- dr= =
0 sSEInx<4+Cosx 4

AREA UNDER PLANE CURVES
DEFINITION-1:-

Area of the region bounded by the curve y = f(x), the X-axis and the lines x = a,x = b is
defined by

Area:‘f; ydx‘ = Uﬂbf(x)dx‘

X
4

a
b
¥
L

X=
'

$

*

X=b
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DEFINITION-2:-Area of the region bounded by the curve x = f(y), the Y-axis and the lines

y = ¢,y = d is defined by
Area:‘fcd xdy‘ =
Y

[7 fonay]

Example:-Find the area of the region bounded by the curve y = e3*, x-axis

and the linesx = 4,x = 2.

Solution:-The required area is defined by

A=l pdE iy =t ax|? _ 1, 12x 6x
=/, e x=ce E—E(E — e%%)

Example:-Find the area of the region bounded by the curve xy = a?, y-axis
thelinesy=2,y=3

2
. a
Solution:- We have, xy = a* = x = —

y
. The required area is defined by
A=[; xdy = a? [} 2 = [a’Iny]§ = a?(in3 —In2) = a’In3)
2 2 vy 2 2

Example:-Find the area of the circle x2+y* = a?

Solution:-We observe that, y = Va?—x? in the first quadrant.
¥ q

Y
A
[ D
“ I~ Ya.0 X
0
Y

~ The area of the circle in the first quadrant is defined by,

A= fﬂﬂmdx

and
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As the circle is symmetrically situated about both X —axis and Y —axis, the area of the circle
is defined by,

A=4 [ 'VaZ—x? dx
i1
._4‘ v’az—xz+—sm 12

dlp

= 4?3111 11 = 2q2° = = mTa?.

DIFFERENTIAL EQUATIONS

DEFINITION:-An equation containing an independent variable (x), dependent variable (y)
and differential co-efficients of dependent variable with respect to independent variable is
called a differential equation.

For distance,

dy _ .
1. gI—SlHI+EDSI

ay — 2
2. dx+2xy X

_ 3y dy)*
. y=x24 [14(2)

Are examples of differential equations.

ORDER OF A DIFFERENTIAL EQUATION
The order of a differential equation is the order of the highest order derivative
appearing in the equation.

: d%y dy -
Example:-In the equation, = + 3 = + 2y = e*,
The order of highest order derivative is 2. So, it is a differential equation of order 2.

DEGREE OF A DIFFERENTIAL EQUATION

The degree of a differential equation is the integral power of the highest order
derivative occurring in the differential equation, after the equation has been expressed in a
form free from radicals and fractions.

3 2
Example:-Consider the differential equation 3— -6 ( ) —4y =

In this equation the power of highest order derivative is 1.So, it is a differential equation of
degree 1.

Example:-Find the order and degree of the differential equation

ff_NE’E_ d’y
1+(®)] =«

dx?

Scanned with CamScanner



60

Solution:- By squaring both sides, the given differential equation can be written as

e () [+ ()] =0

The order of highest order derivative is 2.So, its order is 2.

Also, the power of the highest order derivative is 2.So, its degree is 2.

FORMATION OF A DIFFERENTIAL EQUATION

An ordinary differential equation is formed by eliminating certain arbitrary constants

from a relation in the independent variable, dependent variable and constants.

Example:-Form the differential equation of the family of curves y = a sin(bx + ¢), a and

¢ being parameters.

Solution:-We have y = asin(bx + ¢) -----—--—---- (1)
Differentiating (1) w.r.t. x, we get
g =igbcosthx*+e) e (2)
Differentiating (2) w.r.t. x, we get
2
% = ~gh*sin(bx+€)  ocsscmumiai (3)
Using (1) and (3), we get
'12_-"" — —p?
d_gz - y
L I
dx? +b y = 0

This is the required differential equation.

Example:-Form the differential equation by eliminating the arbitrary
constant in y = Atan™'x.

Solution:-We have, y = Atan™'x  -———---mmmmmemme- (1)

Differentiating (1) w.r.t. x, we get
dy A
e B )
Using (1) and (2), we get
dy ¥

dx (1+x2)tan—1x
i d
~ (1 + x9)tan lxﬁ =

This is the required differential equation.

SOLUTION OF A DIFFERENTIAL EQUATION

A solution of a differential equation i1s a relation (likey = f(x) or f(x,y) =

0)between the variables which satisfies the given differential equation.

GENERAL SOLUTION

The general solution of a differential equation is that in which the number of

arbitrary constants is equal to the order of the differential equation.
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A particular solution is that which can be obtained from the general solution by

giving particular values to the arbitrary constants.

SOLUTION OF FIRST ORDDER AND

FIRST DEGREE DIFFERENTIAL

EQUATIONS

We shall discuss some special methods to obtain the general solution of a first order

and first degree differential equation.
1. Separation of variables

2. Linear Differential Equations

3. Exact Differential Equations

SEPARATION OF VARIABLES

If in a first order and first degree differential equation, it is possible to separate all
functions of x and dx on one side, and all functions of y and dy on the other side of the
equation, then the variables are said to be separable.Thus the general form of such an

equation is f(y)dy = g(x)dx
Then, Integrating both sides, we get

ff(y)d}' = fg(x)dx + C as 1ts solution.

Example:-Obtain the general solution of the differential equation

Solution:- We have, 9y z—i +4x =0

= 'Ely'j—i = —4x

= 9ydy = —4x dx
Integrating both sides, we get
9 [ ydy = —4 [ xdx

A (I o, R
;‘rzy ==X + K

= 9y? = —4x? +C (Where C=2K)

= 4x% + 9y =C
This is the required solution
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A differential equation is said to be linear, if the dependent variable and its differential co-
efficients occurring in the equation are of first degree only and are not multiplied together.

The general form of a linear differential equation of the first order is

dy .
— 4Py =0Q, e (1)

Where P and Q are functions of x.

To solve linear differential equation of the form (1),

at first find the Integrating factor = el P ax

It is important to remember that

LF =l Pdx

Then, the general solution of the differential equation (1) is

y.(I.F)=[Q.(I.F)dx + C  -----m--meemeeemm- (3)

Example:-Solve j—i + ysecx = tanx

Solution:-The given differential equation is

j—i + (secx)y =tanx -----------omm--- (1)
This is a linear differential equation of the form
%+ Py = Q ,where P = secx and Q = tanx

1L.F= EIP'ﬂ'I — E'f sec xdx :Elnl{secx+ tanx)

So, LF=secx +tanx

The general solution of the equation (1) is
y.(I.LF) = [QU.F)dx + C

= y (secx +tanx) = [ tanx (secx +tanx)dx + C

=5 y (secx +tanx) = [(tanx secx + tan®x)dx + C

— y (secx +tanx) = [(tanx secx + sec?x — 1)dx + C
=> y(secx +tanx) =secx +tanx —x + C

This is the required solution.

Example:-Solve: (1 + x2) g +2xy —4x* =0

Solution:-The given differential equation can be written as
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2 2
(1+x )dx+2xy—4x

This is a linear equation of the form j—i + Py=4Q,

2X AxZ

and Q =

Where P =

14+x2 1+x2

We have, LF = EJ’P-dx _ Ejz.rf[1+r2}dx _ IEJIln{1+.1|r2] — 1+ x2

~The general solution of the given differential equation (1) is
y.(I.F) = [Q.(I.F)dx + C
=  yllExH)= flf; (1+x¥)dx+C
= y(1+x*)=4[x*dx+C
= y(A+x%)= §x3 +C
This is the required solution

EXACT DIFFERENTIAL EQUATIONS

DEFINITION:- A differential equation of the form

M(x,y)dx + N(x,y)dy = 0 is said to be exact if 'Z’: = ?:.

METHOD OF SOLUTION:-

The general solution of an exact differentia equation Mdx + Ndy = 0 is

fMdI + f(terms of N not containing x)dy = C,

(y=constant)

: oM AN
Provided =

dy dx

Example:- Solve;(x? — 4xy — 2y?)dx + (y%? — 4xy — 2x%)dy = 0.

Solution:-The given differential equation is of the form Mdx + Ndy = 0.

Where, M = x* — 4xy — 2y* and N = y* — 4xy — 2x°

aM aN
WEhd?EE— —4x —4}’ - E
. dM 4N . ; : ; .
Since 3y — ax 50 the given differential equation is exact.

The general solution of the given exact differential equation is

fde + f(terms of N free fromx)dy =C

(y=constant)
= [(x? —4xy — 2y®)dx + [y?dy =C
(y=constant)

63
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x3 3
= ?—szy—nyzwLy?:C
= x3—6x%y—6xy:+y3=C.

This is the required solution.

Example:- Solve:;(x* — ay)dx = (ax — y*)dy

Solution:-The given differential equation can be written as

(x2—ay)dx+ (y?—ax)dy =0 -—--oooemere—- (1)
Which is of the form Mdx + Ndy = 0,
Where,M = x? —ay and N = y? — ax.

oM aN
We have — = —aand — = —a
ay dx
. aM __ 8N . . .
Since " the given equation (1) 1s exact.
Y X

= The solution of (1) is [(x? — ay)dx + [ y?dy =C
(y=constant)
IE },3
= —— — =
T A
= x3-3axy+y3 =,

Which is the required solution.

Example:- Solve; ye™dx + (xe™ + 2y)dy = 0.

Solution:- The given differential equation is ye*Ydx + (xe*™ + 2y)dy = 0,

Which is of the form Mdx + Ndy = 0.

Where,M = ye™” and N = xe*¥ + 2y
L £y A8
We have e e daxye = o
So the given equation is exact and its solution is
[ye*dx + [ 2ydy = C.
(y=constant)

e +y°=C

Example:- Solve; (3x2 + 6xy?)dx + (6x%y + 4y3)dy = 0

Solution:- The given equation is of the form Mdx + Ndy = 0,

Where,M = 3x% + 6xy? and N = 6x°y + 4y?
oM aN
We have T 12xy = T

So the given equation is exact and its solution is
J(Bx*+ 6xy*)dx + [(4y?)dy =C
(y=constant)
3x° 6 4

il Wi~ - T Y
=::3+2xy+4y C

= x>+ 3x*y*+y*=C
This is the required solution.
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